On graph compatible Splittings of M-matrices  by Zhang, Mou-Cheng
On Graph Compatible Splittings of M-Matrices 
Mou-Cheng Zhang 
Mathematics Department 
South China Normal University 
Guangzhou, People’s Republic of China 
Submitted by Hans Schneider 
ABSTRACT 
Let A E II”“. Then A = M - N is called a regular splitting of A if M- ’ > 0 and 
N > 0, and A = M - N is called a graph compatible splitting of A if r(A) 2 T(M), 
where I’( A) is the graph of A and I’( A) t i s reflexive transitive closure. We answer in 
the negative a question raised by H. Schneider whether a regular splitting A = M - N 
of an M-matrix is graph compatible if all diagonal elements of A (or M) are positive. 
Most of the notation and definitions in this note are standard and agree 
with those in the references. 
A (directed) graph I is a pair (V, E), where V is the vertex set and 
E c V X V is the arc set. Let X, denote the set of all graphs with n vertices. 
If Ii, I, E X,, then the product graph Ii. I’, is defined by (i, j) E rl. r, if 
there is a k E V such that (i, k) E rl and (k, j) E I’,. We write r” = I, 
r2 = r. r, . . . , I” = P-l- I. By A,, we denote the diagonal graph A,, = 
{(i, i) : i E V }. The reflexive transition closure T of a graph r is defined to 
be r = A,, u I u I2 u . . . (see [2]). 
Let A E R”“. The graph T(A) of A is defined to be T(A)= {(i,j): 
aij f O}. 
DEFINITION. 
(1) Let A E R”“. A pair of matrices (M, N) in R”” is called a splitting of 
A if A = M - N and M is a nonsingular matrix. Usually we refer to the 
splitting as A = M - N. 
(2) A splitting A = M - N is regular if M-’ > 0 and N > 0. 
(3) A splitting A = M - N is graph compatible if r(A) 2 r(M). 
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It is well known that any reducible matrix 
permutation matrix P to the normal form 
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A E R”” can be reduced by a 
Au Am .*. A,, 
where each block Aii is a square matrix and Aii is either irreducible or a 
1 X 1 null matrix (see [l, p. 391). 
It is easily seen that a splitting A = M - N of A is graph compatible only 
if M is an upper triangular block matrix with the same partition as A in the 
normal form (in which case N is also an upper triangular block matrix). 
In general, a regular splitting A = M - N of an M-matrix A need not be 
graph compatible. In [2], H. Schneider asks the question “If all diagonal 
elements of A (or M) are positive, must the splitting be graph compatible?” 
The purpose of this note is to answer this question in the negative. 
EXAMPLE. Let A be the singular M-matrix 
I 
A = -+-,&~---~~ . 
0 01-l 1 I 
Let 
Then A = M - N is a regular splitting. Since M is not an upper triangular 
block matrix, A = M - N is not graph compatible. 
We shall show that such an example exists for any integer n >, 4. Let s, 
2 < s < n - 2, and t = n - s be two integers. Consider the n x n singular 
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M-matrix with positive diagonal elements 
A= 
s-1 -1 . . . -1; 0 0 . . . 
-1 s-1 . . . -1; () () . . . 
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where the upper left hand block is s X s. Let 
M= 
s-1 -1 . . . -1 -11 0 0 . 
-1 s-l .‘. -1 -1; 0 0 
. I 
’ _; 
_; 
. : . . . 
s-l -11 d d. 
-1 -1 . . . -1 s-1; 0 0 . -_-_--_-__-_--_-__-__-_--,--_-_--_--_-_ 
0 o... 0 0; t-1 -1 . 
0 o... 0 0; -1 t-1 . 
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Then M is inverse nonnegative, and the corresponding splitting A = M - N 
is a regular splitting of the singular M-matrix A. Since M is not an upper 
triangular block matrix, the regular splitting A = M - N is not graph compat- 
ible. 
The author is grateful to Professor H. Schneider for his very helpful 
comments and suggestions. 
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